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Abstract 

Quaternionic Clifford analysis is a recent new branch of Clifford analysis, a higher dimen¬ 
sional function theory which refines harmonic analysis and generalizes to higher dimension 
the theory of holomorphic functions in the complex plane. So-called quaternionic monogenic 
functions satisfy a system of first order linear differential equations expressed in terms of 
four interrelated Dirac operators. The conceptual significance of quaternionic Clifford anal¬ 
ysis is unraveled by showing that quaternionic monogenicity can be characterized by means 
of generalized gradients in the sense of Stein and Weiss. At the same time, connections be¬ 
tween quaternionic monogenic functions and other branches of Clifford analysis, viz Hermitian 
monogenic and standard or Euclidean monogenic functions are established as well. 


1 Introduction 

The Dirac operator plays a very important role in modern mathematics. A comprehensive descrip¬ 
tion of its role in classical geometry can be found, e.g., in the book by Lawson and Michelsohn [TO] . 
The Dirac operator can be characterized as the only (up to a multiple) elliptic and conformally 
invariant first order system of PDE’s acting on spinor valued functions. A recent monograph [T 
on the spinorial approach to Riemannian and conformal geometry shows the importance to con¬ 
sidering the Dirac operator not only on Riemannian (spin) manifolds but also on manifolds with 
a special holonomy. By the Berger-Simons classification, we know that these include Kahler and 
quaternionic-Kahler manifolds. As shown in [Tj, the spectral properties of the Dirac operator on 
these various types of Riemannian manifolds are different. 

Standard Clifford analysis, also called Euclidean or orthogonal Clifford analysis, is, in its most 
basic form, a higher dimensional generalization of the theory of holomorphic functions in the 
complex plane and at the same time a refinement of harmonic analysis, see e.g. on m on nzi. 
Euclidean space K m is the flat model for Riemannian (spin) geometry and Clifford analysis is 
the function theory for the Dirac operator in this flat model. We refer to this setting as the Eu¬ 
clidean (or orthogonal) case, since the fundamental symmetry group leaving the Dirac operator 
d = Yl'a=i e adx a invariant, is the special orthogonal group SO (to), which is doubly covered by 
the spin group Spin(m) in the Clifford algebra. 

The flat model for Kahler manifolds is the Euclidean space R 2n of even dimension with a chosen 
additional datum, a complex structure I, i.e., an SO (2n)-element squaring up to —E^n, £? 2 n being 
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the identity matrix. There are now two invariant first order differential operators in this setting, 
namely, the classical Dirac operator d and its image under the action of the complex structure 
I(e Q ) 9x a , which are the flat versions of the invariant differential operators defined 
on any Kahler manifold. In the books 0 m and the series of papers mmmmm so-called 
Hermitian Clifford analysis emerged as a refinement of Euclidean Clifford analysis, by considering 
functions which now take their values in the complex Clifford algebra C 2 n , or in the complex spinor 
space §. Hermitian Clifford analysis focuses on the simultaneous null solutions of both operators d 
and 9j, called Hermitian monogenic functions. The fundamental symmetry group underlying this 
function theory is the unitary group U(n). It is worth mentioning that the traditional holomor- 
phic functions of several complex variables appear as a special case of Hermitian monogenicity, see 
Section [3] 

The next step is to go from complex manifolds (in particular Kahler ones) to manifolds with 
a suitable quaternionic structure. It is possible to consider in general hypercomplex manifolds, 
or hyper-Kahler manifolds, or quaternionic-Kahler manifolds. The flat model for hypercomplex 
manifolds is the Euclidean space R 4p , the dimension of which is assumed to be a fourfold, together 
with a choice of three complex structures I, 1 and K satisfying the usual multiplication relations 
for the three quaternionic units. It is clear that, in this setting, we have four basic operators acting 
on spinor valued functions, namely, 9, 9j, 9j and 9 K . Recently a new branch of Clifford analysis 
arose, focussing at so-called quaternionic monogenic functions (see e.g. pGJ EE ELQ] 0] ). The asso¬ 
ciated function theory is called quaternionic Clifford analysis. The fundamental symmetry group 
for quaternionic Clifford analysis is the symplectic group Sp(p). 

There is a fundamental problem with this notion of quaternionic monogenic functions, which 
was already visible in the case of Hermitian Clifford analysis. In the classical orthogonal case, the 
Dirac operator acts naturally on spinor valued functions. The basic spinor representation is an 
irreducible representation of the symmetry group SO (m). In the Hermitian case, introducing the 
complex structure I, the symmetry group is reduced to a subgroup of SO(2n) isomorphic to U(n). 
Consequently, the spinor space § where our functions take their values is not irreducible anymore 
but splits into a finite sum of irreducible components instead. These components can be described 
as the homogeneous components § r ~ A r (IW) of the Grassmann algebra of a maximal isotropic 
subspace W' of the complexification C 2 ". In the quaternionic case the reduction of the symmetry 
group to Sp (p) leads to a further decomposition of the homogeneous parts § r . The corresponding 
irreducible pieces §£ now depend on two parameters, see Section [5] for a detailed description. 

A natural approach to invariant first order systems is described by Stein and Weiss in [25], and 
it also works equally well on manifolds. The structure of a hypercomplex manifold M is given by 
a choice of a principal U(n)-bundle P over M, and invariant operators in the sense of Stein and 
Weiss are acting on sections of bundles associated to irreducible U(n)-modules. In our case, their 
scheme applies to sections of bundles associated to the irreducible parts (with respect to Sp(p)) 
of the spinor bundle S, which are induced by the representations Basic first order invariant 
operators on hypercomplex manifolds hence can be classified in their turn by the Stein and Weiss 
scheme for sections of bundles induced by each representation S£. The corresponding first order 
invariant systems are the basic first order PDE’s to be considered on this type of manifolds. 

The basic question now is: what is the relation between quaternionic monogenic functions and 
the solutions of invariant first order PDE’s stemming from the Stein-Weiss approach? This is the 
key problem in establishing quaternionic Clifford analysis, to which the present paper proposes 
an answer. First, in Section [5j we recall the decomposition of the spinor space § into its irre¬ 
ducible components S£. Then, in Section [6] we study a classification of the Stein-Weiss operators 
- also called generalized gradients - in the quaternionic setting. It leads to an alternative defi- 
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nition of quaternionic monogenic functions. In Theorem [T] we prove that S^-valued functions are 
quaternionic monogenic if and only if they are common null solutions of all Stein-Weiss generalized 
gradients. This is the main result of the paper and it shows that both approaches are equivalent. 

In order to making the present paper self-contained, the basics of Clifford algebra are recalled 
in Section [2] Section [3] shortly outlines the basics of Euclidean and Hermitian Clifford analysis 
while Section [4] introduces quaternionic Clifford analysis. In Section [7] our results are illustrated by 
explicit calculations of the system of equations for quaternionic monogenicity in M 8 . For a detailed 
account on the construction of the symplectic cells in spinor space, we refer to 0]. For an account 
of the impact on the Fischer decomposition of harmonic polynomials of imposing symmetry with 
respect to the symplectic group, we refer to [5]. 

2 Preliminaries on Clifford algebra 

For a detailed description of the structure of Clifford algebras we refer to e.g. m- Here we only 
recall the necessary basic notions. 

The real Clifford algebra Ro, m is constructed over the vector space R 0,m endowed with a non¬ 
degenerate quadratic form of signature (0, to), and generated by the orthonormal basis (ei,..., e m ). 
The non-commutative Clifford or geometric multiplication in Ro, m is governed by the rules 

^q^/3 T — 2 5 a 0 , o:, /3 — 1,..., to (1) 

As a basis for Ro,m one takes for any set A = {j \,..., jh} C {1,..., to} the element eA = e-q • • • £j h , 
with 1 < ji < < • • • < jh < to, together with e@ = 1, the identity element. The dimension of 

Ro, m is 2 m . Any Clifford number a in Ro, m may thus be written as a = E A eAa,A, a A £ R) or still 
as a = E/EoIaU’ where [a]fc = E| 4 | =fc ca^a is the so-called A;-vector part of a. Real numbers thus 
correspond with the zero-vector part of the Clifford numbers. Euclidean space R 0,m is embedded 
in Ro, m by identifying (Ai,...,A m ) with the Clifford 1-vector A = EEi e « X a , for which it 
holds that A 2 = — |A| 2 = — r 2 . 

When allowing for complex constants, the generators (ei,...,e m ), still satisfying JTJ, produce 
the complex Clifford algebra C m = Ro, m © iMo.m- Any complex Clifford number A £ C m may 
thus be written as A = a + ib 1 a, b £ Ro.mi leading to the definition of the Hermitian conju¬ 
gation A* = (a + iby = a — ib, where the bar notation stands for the Clifford conjugation in 
Ro,m) he- the main anti involution for which e a = —e Q , a = 1,..., m. This Hermitian conjuga¬ 
tion leads to a Hermitian inner product on C m given by (A,/x) = [A"*"//]o and its associated norm 

|A| = yfAtA]^=(E.4|AA| 2 ) 1/2 . 

The algebra of real quaternions is denoted by H. For a quaternion 

q = 9o + qii + Q 2 j + q 3 k = (g 0 + qii) + (<72 + <73*)j = z + wj 
its conjugate is given by 

q = qo~qii~ <72 j ~ 93* = (<7o - qii) ~ j (<72 - 93*) = z - jw = z - vuj 

such that 

99 = 99 = |g| 2 = 9o + 9i + 92 + 93 = M 2 + l w | 2 

Identifying the quaternion units i,j with the respective basis vectors ei,e 2 , the algebra H is 
isomorphic with the Clifford algebra Ro, 2 - Moreover, it is also isomorphic with the even subalgebra 
Rj 3 of the Clifford algebra Rq. 3 , by identifying the quaternion units i,j,k with the respective 
bivectors e 2 e 3 , e 3 ei, eie 2 - 
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3 Euclidean and Hermitian Clifford Analysis: the basics 

The central notion in standard Clifford analysis is that of a monogenic function. This is a contin¬ 
uously differentiable function defined in an open region of Euclidean space R m , taking its values 
in the Clifford algebra R.o,m> or subspaces thereof, and vanishing under the action of the Dirac 
operator d = E™=i e a dx a , he. a vector valued first order differential operator, which can be seen 
as the Fourier or Fischer dual of the Clifford variable X_. Monogenic functions thus are the higher 
dimensional counterparts of holomorphic functions in the complex plane. As moreover the Dirac 
operator factorizes the Laplacian: A m = — 9 2 , the notion of monogenicity can be regarded as a 
refinement of the notion of harmonicity. It is important to note that the Dirac operator is invariant 
under the action of the Spin(m)-group, which doubly covers the SO(m)-group, whence this setting 
is usually referred to as Euclidean (or orthogonal) Clifford analysis. 

Taking the dimension of the underlying Euclidean vector space R m to be even: m = 2 n, renaming 
the variables as: 

(A"l, • ■ - , X-2n) — (^1) Vl i %2 > y2i i X n i yn ) 

and considering the (almost) complex structure l 2 n , i.e. the complex linear real SO(2?r) matrix 

hn = diag 

for which l| ra = —i? 2 n , -E^n being the identity matrix, we define the rotated vector variable 

n 

-i Xk + e2kVk) 

.k=l 

n n 

= ^^^2n[e2k-l]Xk + I2n[e2fe]j/fc = ^ (~ Vk^2k -1 + Xk e2fc) 

fe =1 fc =1 

and, correspondingly, the rotated Dirac operator 

n 

— ^2n ^ ' ( dyk^2k—l T &Xk^2 k') 

fe =1 

A differentiable function F then is called Hermitian monogenic in some region f 1 of R 2n , if and 
only if in that region F is a solution of the system 

dF = 0 = d t F (2) 

Observe that this notion of Hermitian monogenicity does not involve the use of complex numbers, 
but could be developed as a real function theory instead. There is however an alternative approach 
to the concept of Hermitian monogenicity, making use of the projection operators 

^ (T E/2 n + i I 2 n) 

and thus involving a complexification. In this approach we first define, in the complexification C 2n 
of R 2ra , the so-called Witt basis vectors 


fk = 7T [e 2 fc-l] 

and f k = 7T + [e 2 fc-i] 

(* = !,•■ 

.,n) 

for which also hold the relations 




CM 

A 

1 

b: 

II 

and - f ffc = 7r + [e 2 fc] 

(* = !,■■ 

■ •, n) 


Aj = l2n [A_] = I 2 n 
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This enables the introduction of the vector variables z_ and zj given by 

n n 

Z = = Y x k 7r~ j[e 2 fc-i] + y k 7T~ [e 2 fc] 

k=l k= 1 

n n n 

= y + Uki'i-fk) = y^pEfc+*2/^) ^ = y~i gfc ffc 

fc=l fc=l /c=l 

n n 

2 f = = X] x k f{ + yk(-if{) = ^2z k fl 

k =1 fc=l 

and, correspondingly, of the Hermitian Dirac operators dz_ and d\ given by 

n n n 

2d\ = 7r“ [5] = y] ffc9 Xfe + if k d Vk = Y f k(d Xk + id Vk ) = 2 Y ^ ffc 

fe=l fc=l fc=l 

n n n 

2dz = 7T + [9] = Y - ifk d Vk = Y tk( d Xk - id Vk) = 2 Y dz <° f! 

fc=1 fe=l fe=l 

As 2(9* — 9]) =9 and 2(9^ + 9]) = * 9j, the system (0 is easily seen to be equivalent with the 
system 

dz_F = 0 = d\F (3) 

Note that the denotation corresponds to the Hermitian conjugation in the Clifford algebra C 2 n , 
introduced above. 

In order to study Hermitian monogenic functions it suffices to consider functions with values 
not in the whole Clifford algebra but in spinor space instead. Indeed, a Clifford algebra may be 
decomposed as a direct sum of isomorphic copies of a spinor space S, which, abstractly, may be 
defined as a minimal left ideal in the Clifford algebra. A spinor space is an irreducible Spin(2n) 
group representation, and may be realized as follows. The Witt basis vectors satisfy the Grassmann 
identities 

fjfk + fkf j =0, f]4+f!fj=0, j,k = l,...,n 
which include their isotropy: 

f] = (f]) 2 = °, j = 

as well as the duality identities 

fjfi A flfj = j, k = 1,..., n 

The Witt basis vectors (fi,... , f„) and (fj,..., fjj respectively span isotropic subspaces W and 
of C 2n , such that 

c 2n = W © (4) 

those subspaces being eigenspaces of the complex structure l 2 n with respective eigenvalues —i and 
i. They also generate two Grassmann algebras, respectively denoted by C/\ n and C f\' ri . 

With the self-adjoint idempotents 

t 1 , 

k = fjfj = 2 l 1 ~ le 2 j-i e 2 j), j = 1, • • •, n 

we compose the primitive self-adjoint idempotent I = I 1 I 2 • ■ ■ I n leading to the realization of the 
spinor space S as § = C 2n /. Since fjl = 0, j = 1,..., n, we also have § ~ C /\j, I. 
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When decomposing the Grassmann algebra C /y n into its so-called homogeneous parts 


C A =©( C A 


r—0 


(r) 


where the spaces (©A!) are spanned by all possible products of r Witt basis vectors out of 
(f{,..., fl), the spinor space § accordingly decomposes into 


§=0§ r , with C/\ I 


r—0 


(r) 


(5) 


These homogeneous parts § r , r = 0,..., n, provide models for fundamental U(n)-representations 
(see [7]) and thus also for fundamental s[(n, C)-representations (see [2, jl2]). 

Accordingly we can decompose a spinor valued function F : C n —> § into its components 

n 

F = J2 pr ’ F r :C n —>§, r , r = 0,... ,n 

r =0 


Pay attention to the fact that the monogenicity of F does not imply the monogenicity of the 
components F r , r = 0,..., n. However, the Hermitian monogenicity of F does imply the Hermitian 
monogenicity of these components, and vice versa. This is due to the nature of the action of the 
Witt basis vectors as (left) multiplication operators, implying that 

dzF r : C” —> § r+1 and d\F r : C" —> S^ 1 


Moreover, for each of the components F r the notions of monogenicity and Hermitian monogenicity 
coincide, since 

, f d.F r = 0 

In conclusion we have the following result. 

Proposition 1. The function F = X)" =0 F r , F r : C n —> § r , r = 0,..., n, is Hermitian mono¬ 
genic in some region H of C" if and only if each of its components F r , r = 0,..., n, is monogenic 
in that region. 

The Hermitian Dirac operators and d\ are invariant under the action of the group SOi(2n), 
i.e. the subgroup of SO(2?r) consisting of those matrices which commute with the complex structure 
I 2 n - This subgroup SOi(2n) inherits a twofold covering by the subgroup Spin I (2n) of Spin(2?z), 
consisting of those elements of Spin(2n) that are commuting with 

\/2 

si = si...s„, where Sj =—(1 + e 2 j-ie 2 j), j = 1, ■ ■ ■ ,n (6) 

This element Si itself obviously belongs to Spinj(2n) and corresponds, under the double covering, 
to the complex structure I 2 n - As SOi(2n) is isomorphic with the unitary group U(n) and, up to 
this isomorphism, Spinj^n) thus provides a double cover of U(n), we may say that U(n) is the 
fundamental group underlying the function theory of Hermitian monogenic functions. 
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4 Quaternionic Clifford Analysis 


A refinement of Hermitian Clifford analysis is obtained by considering the hypercomplex structure 
Q = (l 4 p,l 4 P ,K 4 p) on M 4p ~ C 2p ~ H p , the dimension m = 2n = 4p now being assumed to be 
a multiple of four. This hypercomplex structure arises by introducing, next to the first complex 
structure I 4 P , a second one, called J 4 P , given by 


/ 

JJ 4p = diag 

V 1 


1 \ 
-1 


Clearly Xi p belongs to SO(4p), with JJ 2 p = —E^ p , and it anti-commutes with l 4 p . Then a third 
complex structure quite naturally arises, namely the SO(4p)-matrix 


for which K 2 p = 


Kli P — I 4p J4 p — -Tip da 

—E^p and which anti-commutes with both l 4 p and J 4 p . It turns out that 


/ 

K 4 p = diag 

V 1 


1\ 


The SO(4p)-matrices which commute with the hypercomplex structure Q on R 4p form a subgroup 
of SOi(4p), denoted by SOq(4p), which is isomorphic with the symplectic group Sp(p). Recall 
that the symplectic group Sp(p) is the real Lie group of quaternion p x p matrices preserving the 
symplectic inner product 


<£, v)m = tim + 6 % + • • • + tpVp 


or, equivalently, 


Sp (p) ={Ae GL P (H) : AA* = E p } 


Quite naturally, the subgroup SOq(4j?) of SO(4p) is doubly covered by SpinQ(4p), the subgroup 
of Spin(4p) consisting of the Spin(4p)-elements which are commuting with both si and sj, where 
now sjj is the Spin(4p)-element corresponding to J p . Recall, see ©, that si, corresponding to the 
complex structure I 4 P , is given by si = Si ■ ■ ■ S 2 P , where Sj = ^(l + 62 ^- 162 ^), j = 1 ,..., 2 p. 
Similarly, for sj we find 


Sj — Si • S p , Sj — 2 (l ^4j—3^4j—l) (l €4j—2&4j) 1 j — 1 > * * * (f) 

For the corresponding picture at the level of the Lie algebras we refer to j4j. 

The introduction of a hypercomplex structure leads to a function theory in the framework of 
so-called quaternionic Clifford analysis , where the fundamental invariance will be that of the 
symplectic group Sp (p). The most genuine way to introduce the new concept of quaternionic 
monogenicity is to directly generalize the system 0 expressing Hermitian monogenicity, now 
making use of the hypercomplex structure on R 4p and the additional rotated Dirac operators 
= I 4 p[d\ and d K = K4 P [9]; whence the following definition. 
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Definition 1. A differentiable function F : R 4p —> § is called quaternionic monogenic (q- 
monogenic for short) in some region 0 of R 4p , if and only if in that region F is a solution of 
the system 

dF = 0, d,F = 0, djF = 0, d K F = 0 (8) 

Observe that, in a similar way as it was possible to introduce the notion of Hermitian monogenicity 
without having to resort to complex numbers, the above Definition [T] expresses the notion of q 
monogenicity without involving quaternions. 

Remark 1. The notion of a hypercomplex structure stems from differential geometry where each 
tangent bundle of an even dimensional manifold admits the action of the algebra of quaternions, 
the quaternion units defining three almost complex structures. Accordingly we should in fact call the 
functions satisfying system m “hypercomplex monogenic”, however this term has already been used 
in other contexts in higher dimensional function theory, and moreover, the notion of quaternionic 
monogenicity was already introduced in previous papers, whence we stick to the latter terminology. 

There is a natural alternative characterization of qmnonogenicity possible in terms of the Hermi¬ 
tian Dirac operators, yet still not involving quaternions. We recall these Hermitian Dirac operators 
in the current dimension: 

2 p p 

®z_ = = + dz2.jfL) 

fc=l j =1 

2 P P 

dl = = TX^hi-l +dz 2i hj) 

fc=1 i=1 

and compute their respective images under the action of the complex structure JJ 4p : 

dl = -MS*] = -9 z „_if 2 j) 

3 =1 

9t J = KH\ = 

3 =1 

Similarly we can introduce the auxiliary variables 

p 

Z J = l4p[z] = ^2(Z2jf 2 j-l - 

3=1 

P 

*- J = ^4 P [l t ] = 

3 = 1 

Here, use has been made of the formulae 

J4p[f2j — 1 ] = f2J ’ ^ 4 p[f2j] = ftj-l’ J4p[f2j-l] = f2y, and J4p[f2j] = f'2j-l 

Now the original Dirac operator d and its rotated versions 9 I; d_j and d K may be expressed in 
terms of the Hermitian Dirac operators (cX, df) and their JJ-rotated versions (df,dt J ) as follows: 

dz = ti- + [ 9] = i(l + il 4p )[<9], d[ = tt“[< 9] = -j(l - *I 4p )[d] 

dl = l 4p [7r + [d]] = i(l 4 p + *K 4 p)[a], = J 4p [7r _ [a]] =-i(J 4p - iK 4p )[a] 


whence conversely 


a = 2 (ds-dl) 

id i = 2 (<9z + <9]) 

5, = 2(^-5f) 

* 5 k = 2 (d[ + dl J ) 

Clearly, this leads to an alternative characterization of q-monogenicity as expressed in the following 
proposition. 

Proposition 2. A differentiable function F : R 4p ~ C 2p —> § is q-monogenic in some region 
n C R 4p if and only if F is in tt a simultaneous null solution of the operators d z , d\, df and d\ J . 

We want to emphasize that, in Section^ the new operators df and d\ J , used, together with the 
known Hermitian Dirac operators d z and <9|, to characterize the concept of q-monogenicity, will 
arise in a natural way as generalized gradients in the sense of Stein & Weiss (see [25]). 

As the identification of an underlying symmetry group is necessary for the further development 
of the function theory, the following result is crucial. 

Proposition 3. The operators d z , d\, df and dt J are invariant under the action of the symplectic 
group Sp(p). 

Proof 

The action of a Spin(4p)-element s on a spinor valued function F is the so-called L-action given 
by L(s)[FQ0] = sF(s~ 1 2fs). The Dirac operator d is invariant under Spin(4p), i.e. 

[L(s),9] = 0, for all s G Spin(4p) 

which can be explained by 

L{s)d_xF{X_) = s5 s - 1 ^F(s" 1 Xs) = s(s" 1 a^s)F(s" 1 Xs) = 5^L(s)F(X) 

Recall that Sp (jp) is isomorphic to the subgroup SpinQ(4p) of Spin(4p), whence the Dirac operator 
d is, quite trivially, also invariant under the action of Sp (p). The invariance of the operators d z , 
d ], df and d\ J now follows from the fact that their respective definitions only involve projection 
operators which are commuting with the Sp(p)-elements. □ 

We will now comment on the behaviour of the notion of q-monogenicity with respect to the 
decomposition of a function F = X)”=o F r '■ ® 4p —► r = 0,..., n into its homogeneous 

spinor components. 

If F is q-monogenic, then so are its components F r , and vice versa. If F r is q-monogenic, then, 
quite naturally, F r is Hermitian monogenic with respect to the Hermitian Dirac operators d z and 
d\ - let us call this I -Hermitian monogenicity — but also Hermitian monogenic with respect to 
the rotated Hermitian Dirac operators df. and d\ J — let us call this 1- Hermitian monogenicity. 
As was already pointed out, for the function F r , I-Hermitian monogenicity is equivalent with 
9-monogenicity; in the same order of ideas, the J-Hermitian monogenicity of F r is equivalent with 
its 9j-monogenicity. Summarizing, we have the following result. 

Proposition 4. For the function F = X)” =0 F T ', F r : R 4p —> S r , r = 0,... ,n, defined in some 
region f l of R 4p , the following statements are equivalent: 

(i) F is q-monogenic; 

(ii) each of the components F r is q-monogenic; 

(Hi) each of the components F r is simultaneously d-monogenic and dj-monogenic. 
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5 A further decomposition of spinor space 

Spinor space S, which was already decomposed into U(2p)-irreducible homogeneous parts § r , can 
further be decomposed into Sp(p)-irreducibles, which we will call symplectic cells. Let us briefly 
sketch this decomposition, referring to [I] for a detailed description. 

First we introduce the Sp(p)-invariant left multiplication operators 


P — jyfl + fuf3 + ■ • ■ + f2pf2p—1 

Q = fifS + fail + ■ • ■ + f\>p— i f\>p = A 

for which P : S r — > § r ~ 2 and Q : § r — > S’" -1-2 . Next we define the symplectic cells of spinor space, 
which are given by, for r = 0,... ,p, the subspaces 


S r r = Ker P\§r, § 2 /- r = KerQ|s»P-r 


and for k = 0,..., p — r, the subspaces 


S r+2k = 


Q k %, 


^2p—r—2k pk g2 p—r 


Lemma 1. One has 


v 

KerP| s = 0§; 

r =0 


P 

and KerQIs = 0§ 2p “ r 

r=0 


and, for k = 0,1,... ,p — r — 1, 

• Q is an isomorphism S£ +2fc — > §£ +2fc+2 with inverse = — L - P; 

af 

• P is an isomorphism § 2p_r_2fc —§ 2p_r_2fc_2 inverse P” 1 = Q 

aft r 

where the coefficients are given by 

a k r =(k + 1 )(p — r — k) = a p ~ r ~ k ~ 1 


which implies that the composition of the multiplicative operators P and Q is constant on each 
symplectic cell; more specifically one has 

• PQ = a k on S r + 2k and on § 2 P -r- 2 fc -2 

• QP = a k on §; +2fc+2 and on § 2 P -r- 2 fc 

Proposition 5. One has, for all r = 0, ... ,p, 

Lil LiJ 

- 0 K- 2 , and S 2p ~ r = 0 
3 =0 j=0 

and each of the symplectic cells in the above decompositions is an irreducible Sp{p) -representation. 

The above decomposition of the homogeneous spinor subspaces into symplectic cells can be depicted 
by the following triangular scheme. 
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Q 


§1 


Q 


S 3 

Q 


S? 


Q 


Sp 


g2p-3 §2p-2 g2p-l g2p 


§o P_2 . 


4<tQ 


s l p 


-3 


¥<3 


§2 P_2 


s 2p 


s 2p 


-1 


S 3 


Ker P 


sl p_3 


Ker Q 


Now let us decompose a function F : C 2p —> S according to these symplectic cells of spinor 
space: 

2 p 2 p 

f = ^2 f v = ^2 ^2 F s> Fr : c2p —> §r ’ F s : £2p — > ^ 

r—0 r=0 s 

and investigate the possible inheritance of the various concepts of monogenicity by the distinguished 
components. 

(i) If F is monogenic, then nothing can be said about the monogenicity of the components Ff. 
This is because, a fortiori, the action of the Dirac operator on the function values 


d = 2(5] - dz) : S r —> S r+1 © S"" 1 


mixes up the homogeneous parts of spinor space. 

(ii) If F is Hermitian monogenic, then each symplectic component Ff is not necessarily Hermitian 
monogenic; this because the action of each of the Hermitian Dirac operators on the function 
values is mixing up the symplectic cells of a homogeneous spinor subspace, since indeed 


d z :§r—^tjeS^ 1 


and 


8\ 


-1 

^S-l 


© s 


1 —1 
a+1 


(iii) If F is q-monogenic, then, remarkably and in contrast with Hermitian monogenicity, the 
symplectic components Ff will be q-monogenic, as we will prove in the next proposition. 

Lemma 2. If the function F : C 2p —> § is q-monogenic, then so are the functions PF and QF. 

Proof 
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This result directly follows from the commutation relations of the operators P and Q with the 
quaternionic Hermitian Dirac operators: 


[Pd z ] = ~d[ 

M= 0 

[P,d[)= 0 
[P;d{ J ]= d{ 


lQ;dz} = 0 
[Q,dl]= dl J 
[QJii\ = -d z 

[Q,dl J }= 0 (9) 


Proposition 6. A function F : C 2p —> S is q-monogenic if and only if its symplectic components 
Ff are. 


Proof 

We only need to prove that, for a given q-monogenic function F : C 2p —> S, its symplectic com¬ 
ponents Ff are q-monogenic as well. The opposite implication is obvious. Now, by Proposition 
[2 we know that each component F r is q-monogenic. Putting r = 2f, we have by Lemma [2] that 
F 2t = Q t P t F 2t is q-monogenic. Here F = G means that F and G are equal up to a non-zero 
multiple. Further, we have that Ff* = Q t ~ 1 P t_1 (p 2t — Fq 1 ) is q-monogenic and so on. □ 


As already pointed out above, when restricting the values of the functions considered to a ho¬ 
mogeneous subspace § r of spinor space, Hermitian monogenicity can be expressed using only one 
operator, namely the Dirac operator. For functions taking their values in a symplectic cell a 
similar, quite remarkable, result is valid. 

Proposition 7. For functions Ff : C 2p — > §£, the equations d^Ff = 0 and d z Ff = 0 are 
equivalent as long as 0 < s < r, and the same holds for the equations d\ Ff = 0 and d\ J Ff = 0. 
Both equivalences also remain valid for (r, s) = (p,p). If 0 < r < p and s = r then dz_Ff = 0 
implies dfFf = 0 and d\ J Ff = 0 implies d\Ff = 0, but not conversely. If p < r < 2p and 
s = 2p — r then d z F£ p _ r = 0 implies dz_Ff p _ r = 0 and djFJp-r = 0 implies d]^FJp-r = 0; but not 
conversely. 

Proof 

We start with the exceptional case F p : C 2p —> § p , the value space § p then being in the kernel of 
both operators P and Q. Assume that d z F p = 0, then Pd z F' p = 0 or (d^P — df)F p = 0, whence 
df F p = 0. Conversely, if df F p = 0, then Qdf F p = 0 or {df Q — dz)F p = 0, whence d z F ,p = 0. A 
similar reasoning shows that d\F p = 0 and d\ J F p = 0 are equivalent systems of equations on § p . 
In general, for functions Ff : C 2p —> §£, we consecutively have 

d^Ff = 0 => Pd z Ff = 0 => (d z P - d[)Ff = 0 => d z PFf = d[Ff 

Applying the operator Q leads to Qd^PFf = QdfFf or QdfFf = d z QPFf. However on §£ the 
product QP acts as a constant, depending upon r and s, whence it follows that QdfFf = 0. As 
long as df Ff does not take values in KerQ = ©s =0 §s P-s it follows that d J z Ff = 0. In a similar 
way it is shown that d\ J Ff = 0 implies d\Ff = 0, as long as d\Ff does not take values in KerQ. 
A reasoning along similar lines shows that d z Ff = 0 implies d^Ff = 0 and d\Ff = 0 implies 
d\ J Ff = 0, as long as neither d z Ff nor d\ J Ff take values in KerP = ®g =0 §®. □ 

Corollary 1. If the function Ff takes its values in with r = 0,1, 2,..., 2p and 0 < s < r, the 
following statements are equivalent: 
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(i) Ff is d-monogenic; 

(ii) Ff is dj-monogenic; 

(in) FI is q-monogenic. 

The same equivalence holds in the case where (r , s) = (p, p ). However, for s = r ^ p this equivalence 
reduces to 


(V) Ff is d and dj-monogenic; 

(ii’) Ff is q-monogenic. 

Remark 2. In EF we introduced a decomposition of the multiplicative operators fj and fj, j = 
1 ) • • • ,P: 


fj 


SJ 




r 

s+ 


(h) 


r 

sT 


:s: 


§ 


r— 1 

s -Fl 


> 1 




(f ]): + 




:S: 


§ 


r+1 

sT 1 


Now, we can decompose the four operators expressing q-monogenicity accordingly. If the function 
Ff takes its values in §£, then (dz)^ Ff will take its values in and similarly for the other 

three operators. From the above Proposition [?| we know that for 0 < r < p, df Ff = 0 does not 
imply dzFf = 0, nor does d\Ff = 0 imply d\ J Ff = 0. However we have a partial result: it can be 
proven that d z Ff = 0 implies (dz)(_Ff = 0 and that dtFf = 0 implies ( d\ J ) r s _Ff = 0. Similar 
results hold for the function F£ p _ r with p < r < 2 p: dz_F 2 p _ r = 0 implies (9/)( 2p _ r - ) _FJ p _ r = 0 
and 3] J F% p _ r = 0 implies (3|)[ 2p _ r , ) _F 2 r p _ r = 0 

In the same order of ideas as in Remark [2l we can express the equivalences described in Proposi¬ 
tion [7] by means of the operators obtained through the decomposition of the multiplicative action 
of the Witt basis vectors. The equivalence of the operators d ^ and d z incorporates both the equiv¬ 
alence of the operators (3z)_ and (3/)_ and the equivalence of the operators (3z)+ and {df)+. 
Similarly, the equivalence of the operators d\ and dt J incorporates both the equivalence of the 
operators (3I)_ and (3] J )_ and the equivalence of the operators (3])+ and (3] J ) + . This leads 
to the following characterization of g-monogenicity depending on the location of the considered 
symplectic cell in the triangular decomposition of spinor space. 

Remark 3. We have that 


(i) in the inner part of the triangle, q-monogenicity is expressed by four operators: either (cb)_ 

or (d z )-, either (3z)+ or {d z )+, either (3|)_ or ( d \ J )_, and either (3|)+ or this 

makes sixteen possibilities; 

(ii) on the left edge of the triangle (KeiP), there are four possibilities to express q-monogenicity 

and to that end also four operators are needed: either (3 Z )_ or (3/)_, and (d z )+, either 
(3|)_ or and {d^) + ; 

(Hi) on the right edge of the triangle (KerQ), there are four possibilities to express q-monogenicity 
also needing four operators: either (3j)_ or and (df)+, either (3])_ or and 

(3|)+; 

(iv) on the upper edge of the triangle only two operators are needed to express q-monogenicity 
and there are four possible choices: either (3 S )+ or (3/)-|_, and either (3])_j_ or (3] J )+; 

(v) at the lower vertex of the triangle also two operators are needed offering four possibilities: 
either (3j)_ or (3f)_, and either (3|)_ or 

(vi) at the left upper vertex of the triangle two operators are needed leaving no choice at all: (3z)+ 
and ( d\ J ) + ; 

(vii) finally, at the right upper vertex, the two operators (df)+ and (d\)+ must be used. 
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6 Generalized gradients 

In this section we formulate the equations of quaternionic Clifford analysis in an abstract way, 
following ideas of Stein and Weiss (E3), and we establish a connection between these abstract 
equations and the actual equations of quaternionic Clifford analysis considered in the preceding 
sections. For the construction of these so-called generalized gradients we have to choose a fixed 
Euclidean vector space together with a hypercomplex structure, more explicitly, we fix: 

(i) the real vector space V. of dimension dim V = 4 p, equipped with a Euclidean scalar product; 

(ii) two anti-commuting complex structures I and 1 on V preserving this scalar product. 

Introducing, in a natural way, a third complex structure by putting K := 11, we endow the vector 
space V with a hypercomplex structure Q = {I, J, K}. In this way we can reduce the symmetry 
group SO(F) acting on V, to its subgroup SOq(F) := {A £ SO(V) : AI = IA and AJ = JM}. Let 
Sp(p) denote the real Lie group of p x p matrices with quaternion entries preserving the standard 
quaternionic inner product. Then we have the following proposition. 

Proposition 8. The group SOq(V) is isomorphic to the Lie group Sp(p). 

Proof 

The following lemma shows that the complex structures l± p and Sa p used in the preceding sections 
can always be recovered by a suitable choice of an orthonormal basis in the vector space V. Hence 
Proposition [8] follows from [3], Proposition 5. □ 

Lemma 3. There exists an orthonormal basis {e^}^ of the vector space V such that the complex 
structures I and JJ are represented by the respective matrices I 4 P and JJ 4 p . 

Proof 

Let B denote the Euclidean scalar product in the vector space V, and B c its complex bilinear 
extension to the complexification V c := V ® C. The maps I and JJ also extend to complex linear 
maps on V c ; we keep the same notations for these extensions. The space V c decomposes as a direct 
sum W ® W* of eigenspaces for I with respective eigenvalues =F *• Both W and W* are isotropic 
with respect to B c and moreover B c induces a nondegenerate pairing between W and W'. So if 
{jy}j=i is any basis of W, then there exists a basis for such that 

-®c(f ji ffc) = j 7^ k = 1,..., 2p 

Hence all elements in the union of both bases mutually anticommute; however mind the non trivial 
relations fyfj- + = 1, j = 1,..., 2 p. Now the second complex structure JJ anti-commutes with 

I and hence induces an isomorphism between W and . Let us consider a complex bilinear 
anti-symmetric form ui on W given by 

W (f,f) :=2B c (f, 1(f)) 

We can choose the basis {f j}jLi f° r W in such a way that cu(fj, ffc) is trivial, except for the following 
cases: 

= —w(f2j,f2j-l) = 1, j = 1, • ■ • ,P- 

Introducing a basis by 

e 2 fc-i = ffc — ffc and e 2k = + fk) (k=l,...,2 p) 

it is easy to check that (e^ is an orthonormal basis of V and that the mappings I and JJ have 
the required form. □ 
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Lemma 4. The vector space V c is a (complex) representation of SOq(V) ~ Sp (p). As an Sp(p)- 
module, V c decomposes as a sum of two copies of the defining representation (l) s o/Sp(p). 

Proof 

As in the proof of Lemma [3j the space V c decomposes as a direct sum W ® W * of eigenspaces 
for I with respective eigenvalues ®i. But, under the action of Sp(p), we have that — §] and 
W ~ §i p_1 are both isomorphic to the defining representation (l) s of Sp(p). □ 

Remark 4. For clarity’s sake we note here that the real symplectic Lie algebra sp (p) of skew- 
symplectic p x p-matrices with quaternion entries, is isomorphic with the so-called compact form 
sp(2p, C) D u(2 p) of the complex symplectic Lie algebra sp(2 p, C) (see e.g. Proposition 6). 

The construction of the Stein-Weiss gradients necessitates the projection on the components in 
the decomposition of a tensor product of two irreducible sp(p)-modules, which, in general, is a 
difficult problem. If one of the factors in the tensor product happens to be a small representation, 
it is possible to perform the decomposition explicitly using the Klimyk formula. In [24], Section 
5.9, it is shown how to achieve this if one of the factors is the defining representation of sp(p). If 
one factor is a general representation with highest weight A, then the tensor product is multiplicity 
free and all summands have the form A ± a, i = 1,... ,p, for which the result is dominant. Here ei 
has 1 at the i-th place and zeros otherwise. In particular, we have the following lemma. 

Lemma 5. Let U s denote an irreducible sp(p)-module with highest weight (1,..., 1, 0,..., 0) s (with 
s non-trivial entries). Let V c = W\ ® W 2 be an irreducible decomposition with respect to sp(p). 
Then the tensor product of sp(p)-modules Wj ® U s decomposes into irreducible components as 

Ui,s+1 ® Ui,s -1 © U' i s 

where t/j,s±i ~ U s ± 1 and XJ' is is the Cartan product ofWi and U s . 

In what follows the invariant projections of V C ®U S onto the summands Ui yS ± 1 are denoted by 
7Tj i= t, respectively. 

By the Stein-Weiss construction it is now possible to define four (invariant) first order differential 
operators which are realized and used in quaternionic Clifford analysis. 

Definition 2. Let the projections 7 Tj ± be defined as in Lemma\5 ] Let Q be an open domain in V. 
The first order differential operators Di,± : C°°(f2, U s ) 1 —> C°°(f2, Ui tS ±i) are defined by 

A.±(/) := 7T*,±(V(/)) (10) 

It is clear that the abstract Stein -Weiss gradients D.j,± defined above depend on the choice of 
the irreducible decomposition V c = W\ ® IT 2 • But, fortunately, their common solutions do not 
depend on this choice. 

Lemma 6. Let Di.±, respectively Di ±, be the differential operators defined as in Definition® for 
the irreducible decomposition V c = Wi®W 2 , respectively V c = Wi®W 2 . For each f £ C°°(fl, Uj), 
one has that Di ±(f) = D 2j ±(/) = 0 if and only if D\,±{f) = A,±(/) = 0. 

Proof 

Let 7T,.±, resp. 7f,;.±, be the projections defined as in Lemma [5] for the irreducible decomposition 
V c = W\ ® W 2 , resp. V c = W± ® W- 2 - Then tt± = 7ri t ± + 7r 2j ± are the projections of V c ® Uj onto the 
isotypic components 2Uj±i. Since the projections ir± do not depend on the choice of irreducible 
decomposition of V c we have also 7r± = # 1 ^ + 7 f 2j ±. Hence Ker(7Ti,±,7r 2 ,±) = Ker(7fi ! ±,7f 2 ,±)- □ 
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Now we show that quaternionic monogenicity can be expressed equivalently in terms of the 
Stein-Weiss gradients Di ±. In this connection, let us recall that, by Proposition^ a spinor valued 
function is q-monogenic if and only if its symplectic components are. 

Theorem 1. Let Di± be the Stein-Weiss gradients defined as in Definition^ for U s = §£. Let 
Ll C R 4p be open. Then a differentiable function f : —> §£ is q-monogenic if and only if on f l it 
satisfies the system 

01,±(/)=O, Z?2,±(/) = 0. (11) 

Proof 

(а) First assume that, for S^-valued functions, q-monogenicity can be characterized by the four 
operators {df)± and (<9j)±, see Remarks [21 and [3] above. Without loss of generality, consider the case 
(i) of Remark [3] Furthermore, let V c = W ® W' be the decomposition into the eigenspaces for the 
complex structure I with respective eigenvalues i and let Ti t ± be sp(p)-invariant isomorphisms 
of Ui >s ±i onto S^ 1 ^ 3 . Then, for W\ = W and W 2 = Wfi we have that (<9j)± and (dfi)± are 
respectively equal to Ty± oD\,± and t 2 .± ob 2 ,± up to non-zero multiples, see [3j Section 4]. Hence, 
in this case, the required equivalence is proven. 

(б) Now consider, say, the case (ii) of Remark [31 i.e., r = s < p. Let / : H be a differentiable 

function. By Lemma, [21 the function / is q-monogenic if and only if Qf is. By construction it is clear 
that the system Hi,±(/) = 0 = D 2 ,±(f) is equivalent to the system Di t ±(Qf) = 0 = D 2 ,±(Qf), 
where D^jj are the Stein-Weiss gradients defined for U s = §£ +2 . We complete the proof by 
applying (a) to Qf. The remaining cases can be proven similarly. □ 


7 Characterization of q—monogenic functions for p = 2 

In the last section we illustrate our findings above by the explicit calculations of the systems of 
equations corresponding with q-monogenic functions defined in R 8 and taking values in spinor 
space S with p = 2. The triangular scheme for the decomposition of this spinor space looks as 
follows: 


§° S 1 § 2 § 3 § 4 

§ 2 § 4 

I (flf l + M)I flflfW 


S\ 

f [I, fU, fU, fj 


flftfll, fsfafU 
flffc Wj 


fW, flfU, fW, fW 

(flfS - 


Case A: The function FS 


§g has the form F® = </>/, whence we obtain 
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. d z F° = (ft d zi cf> + ft d z ^ + ft d Z3 ^ + ft d z j) i 
which splits into 

(d z ) + F° = (ft d zi <i> + ft d Z2 4> + ft d Z3 <t> + ft d^ i 

(at)_F 0 ° = o 

and 

. dl J F§ = (h 0* 2 0 + d- Zi <j> - ft d- Z3 <£) I 

which splits into 

(al J )+F 0 ° = (f! d- Z2 <j> - ft d-^ + ft d- Zi <j> - ft 0 * 0 ) I 
(dt J )-F$ = 0 

while, trivially 

. at f 0 ° = o = o [ f ° = o 

It follows that 

• d z F$ = 0 d Zl 0 = 0, d Z2 (j) = 0, d Z3 (t> = 0, 3 Z4 0 = 0 

• a| j f 0 ° = o •«=>• aj 2 </> = o, <3^0 = o, aj 3 <f> = o, <9^0 = o 

In other words: F§ is q-monogenic if and only if 0 is a constant function. Moreover, this observa¬ 
tion is valid regardless the dimension. Seen the fact that all symplectic cells on the same row in the 
spinor triangle are realizations of the same Sp(p) representation, we now expect the q-monogenic 
functions with values in §q (case C) and Sq (case F) to be constant functions too. We also see that 
for expressing the q-monogenicity of F® the two operators (<9 Z ) + and (d\ J )+ need to be used (left 
upper vertex of the triangle). 

Case B: The function Fl : R 8 —■> has the form 

F\ — (0i fi + 02 f 2 + 03 fl + 04 fl) I 


so there holds 
• OzF-l 

= (fifl (^103 - 5 23 0 i) + flfi (9^04 - d Zi (f>i) + flfj (5 Z2 03 - d Z3 fa) + M (9 Z2 04 - 3 Z4 0 2 )) I 

+ (flfk^.02 - dM + f£fi(0 Z8 0 4 - d Zi h)) I 

which splits into 

m+F! 

= (flfi (<9*103 - d Z3 (t>i) + flfi (<9 Zl 0 4 - d Zi (j)i) + flfj (a Z2 03 - 9 Z3 0 2 ) + f 2 fi (d Z2 <p4 - <9 Z4 0 2 )) / 
+ (Kflfi - fite.02 - d z M - Kftft - ftfi)(a Z3 04 - d Zi h)) I 

{d z )-F± = (Kfift+fifi)(a zi 0 2 - dM +i(fif++fifi)(5 Z3 0 4 - 5 Z4 0 3 )) i 
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• 1 ~ ('9?1 < / > 1 + ^z 2 <h + (h 3 4 > 3 + Sz 4 <M I 
which splits into 

(at )+F i = o 

(^l)--^ 1 = (dz 1 4> 1 + + dz 3 4>3 + $ 24 ^ 4 ) I 

• = ( a Z2 </>! - d zl </> 2 + s z > 3 - 5 Z3 ^ 4 ) / 

which splits into 

(#)+*?=() 

= (<9 Z2 </>i - d Zl (j)2 + d Zi <t> 3 - d Z3 <j>i) / 

and 

• d^Fl 

= (flf 3 (^2^3 — dz4,<f>l) + fifl (^2^4 + 5 j 3 </>i) + f^fj) (“^21^3 — + M (^3^2 — I 

+ (flf 2 (^ 2^2 + <9zi</>l) + f 3 f4(^4^4 + dz 3 <j> 3)^ I 
which splits into 

(an+^i 1 

= (flf 3 (^2 ^3 - + fifl (52-2^4 + Sza'/’l) + flfl ( _ ^*1 ^3 - dzifo) + fl fl (<923^2 - I 

+ (ftfi _ + ch^i) - § (ftfl - fifl) (^4 04 + <9 s 3 0 3 )^) I 

(d\ j )-Fi = (^5 (fi fi++cXi^i) + 5 (fi fi+f3fl)(^4<x4+ dzsfei^ i 

It follows that 

• d z Fl = 0 <£=> d Zl (j>z - d Z3 4>i = 0 , a zi 04- d Zi (j) 1 = 0 , d Z2 (/) 3 - <9 Z3 </> 2 = 0 , <9 Z2 <^ 4 - d Z4 fo = 

0 , d Zl (j> 2 - d Z2 (f) 1 = 0 , d Z3 (j) 4 - <9 Z4 </> 3 = 0 

• dt_Fi = 0 (h 1 4 > i + ^ 2 2 02 + (h 3 ( t > 3 + ^ 24^4 = 0 

• = 0 9 Z2 0i - 9 zl </>2 + 9 Z4 </> 3 - d Z3 cj) A = 0 

• dy Fl = 0 d Z2 ( f > 3 ~ $ 24^1 = 0 , d Z2 4> A + dz 3 (f>i = 0 , <9^ </> 3 + d* 4 4>2 = 0 , dz 3 4>2 — ch^A = 

0 , d Z2 (/>2 + 9 zi <t>i = 0 , d Zi cj)4 + &z 3 4> 3 = 0 

We see that d z Fl = 0 implies djFl = 0, but not conversely, and that d\ J Fl = 0 implies d\ F-/ = 0, 
but also not conversely. We also see that four operators are needed to express q monogenicty: 
(d z )+, ( d \ J ) + , either ( d z _)_ or (<9/)_ which both lead to the same system of equations, and either 
(5t)- or ( d \ J )_ which both lead also to the same system of equations as well. Moreover we expect 
q-monogenic functions with values in (case E) to satisfy the same system of equations as Fl does. 

Case C: The function Fq : R 8 —> Sg has the form 

*0 = <t> (fifi+fifl) ^ 

whence there holds 
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• d z F 2 = (flftft d Zl <fr + ftftft d Z2 cj> + flftfj d Z3 (f> + flftfl d Zi c») I 

which splits into 

(d z ) + F* = (flftft dzA + dzA + 7 

(d{)-Fg = 0 

• d{Fg = (f| 9zj 4> + fl &Z2 <(> + f! ^3 <(* + f| ^Z4^) ^ 
which splits into 

(®l)+Fo = (fl dzi^ + fi + fl ^ 3 ^ + fl I 

(d{)-F 2 = 0 

• djf-Po = (fi d Zl (j)+ f| d Z2 (j> + f| d Z3 (j) + f| d Zi (^j I 

which splits into 

(d[) + F 2 = (ft d zi <t> + ft d Z2 <t> + ft d Z3 ct> + ft d Zi ^) I 
(d[)-F 2 = o 

and 

. d^F 2 = (ftftft ^ - ftftft d- zi cj> + ftftft _ ftftft ^ 7 

which splits into 

(dl J )+F 2 = (ftftft ^ _ f| f t f t 9 _ i<f) + ftftft q_ a _ ftftft 7 
(af )_F 0 2 = 0 

It follows that 

• d z F§ = 0 4=> d zi (j> = 0, d Z2 <f> = 0, d Z3 (j) = 0, d Z4 </> = 0 

• <9|F 2 = 0 4=> d Zl <j> = 0, <9j 2 <(- = 0, cF 3 cj) = 0, cF^ 

• d[F$ = 0 d Zl (j) = 0 , d Z2 (/> = 0 , d Z3 (\> = 0 , d Zi (j) = 0 

• dl J F q = 0 4 => 9 j 2 (/> = 0 , dz^ = 0 , dz 4 <j) = 0 , cF 3 (p = 0 

in other words: Fq is q-monogenic if and only if (f) is a constant function. Besides, this property 
remains valid for all functions with values in a (one-dimensional) cell on the upper edge of the 
spinor space triangle, and this regardless the dimension: if Fq : R 4p —> §q is q-monogenic, then it 
reduces to a constant function. We see that the operators d z and d z on the one hand, and the oper¬ 
ators d\ and d\ J on the other hand, lead to the same system of equations. We also see that only two 
operators are needed to express q-monogenicity: either (d z )+ or {d z )+, both leading to the same 
system of equations, and either (<9|)+ or (<9]' 7 )+, both leading also to the same system of equations. 

Case D: The function F 2 : R 8 —> S| has the form 

Fi = (<(-13 flfl + <(-14 flfl + <(*23 flfl + <(-24 flfl + *)> (flfl - flfi) ) I 

whence there holds 
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• <9 Z F 2 2 = (f|f|f| (-d Z2 </> 13 + d Zl <f>23 + d Z3 <p) + f|f|f| {d Zl (j) 2 A - d Z2 ct> 14 + d Zi 4>) 

+ flflfl {-dzAu - dzA + d Zi <t> 13 ) + f|f|f| (9 Z4 <^23 - d Z3 cj) 2 A - d Z2 4>))I 
which splits into 
(dz) + Fi = 0 

(< 9 l )- F 2 = (fifafl (~9z 2 <P 13 + d Zl (f )23 + d Z3 <j>) + f 1 fIf 1 (d Zl (j ) 24 - d Z2 (j) U + d^) 

+ flM {-dzs&lA - d Zl (j) + d Zi cj) 13 ) + f|f|f| (<9 Z4 <f>23 - 0 Z3 (j)2A - 9 Z2 (/)))/ 

• df-Ff = (f 3 (^zi<^13 + (h 2 4>23 + dz 4 4 > ) + f| ( — &4^24 — dz 3 <f>23 + <9zi </>) 

+ f| (5 zi</ ) 14 + dz 2 4 > 24 ~ ^z 3 0) + fl ( — — <9z 4 </> 14 — <9z 2 </>))d 

which splits into 

(a|) + F 2 2 = 0 

(9])^F 2 2 = (f| (^013 + d~ 2 (j)23 + (h^) + fl ( — 5 z 4 < /'24 — ch 3 (t>23 + (h^) 

+ fl (5 ji^14 + <h 2 4 > 2A ~ Ch 3 ( t > ) + fl ( — &z 3 (t>l3 ~ <9z 4 </>18 — <9z 2 </>)K 

• 9^2 = (fi (<9 Z2 </> 13 — d zi (f>23 — 9 Z3 4>) + fi (<9 Z3 </>24 — d Z4 (j)23 + d Z2 cj)) 

+ fi {d Z2 <l>u - d Zl (j)2A - <9 Z 4 <f>) + fl (d Z3 <£ 14 - 9, 4 <f)i3 + d Zl 4>))I 
which splits into 
(5/) +J F 2 = 0 

(d[)-F$ = (f| (d Z2 <j) 13 - 0 Zl (f>23 - d Z3 4>) + f| (9 Z3 ^24 - <9 Z4 <f>23 + d z 2 4>) 

+ fl (^2 014 - d Zl (j)2A - d Z4 (j)) + fl (<9 Z3 014 - d Z4 (/) 13 + d Zl (j>))I 


and 



which splits into 



+ flflfi ( — Chi^lA — &z 2 (t> — ch 3 (t> 13 ) + flflfi ( — 5 z 3 <( , 23 - 5j 4 ^24 + 


It follows that 


• d z F$ = 0 <£=> -d Z2 cj) 13 + d Zl (j) 23 + d Z3 (f) = 0 , d Zl <f> 2 4 ~ <9 Z2 <f>i 4 + d Z4 (j) = 0 , 

— d Z3 (j) 14 — d Zl (f> + d Z4 (j) 13 = 0 , d Z4 <p23 — d Z3 (f >24 — d Z2 (/) = 0 

• d[F 2 2 = 0 *£=>■ + dz 2 <t>2 3 + <3z 4 </> = 0 , ~d Z4 (f>2A ~ <9z 3 023 + = 0 , 

9 ji <( , 14 + dz 2 (f>2A — ch 3 (t> = 0 , —cF 3 (t>l 3 — < 3 z 4 </>14 — dz 2 <P = 0 

• d[F% = 0 d Z2 (\) 13 - d Zl <f>23 - d Z3 (f) = 0 , <9 Z3 <f> 2 4 - d Z4 fa 3 + d Z2 (f> = 0 , 

d Z2 4>iA - d Zl 4> 24 -d Z4 (/> = 0 , <9 23 </>i4 - d Z4 cj) 13 + <9 Zl </> = 0 

• <9] J -Ff = 0 + dz 2 (f>2 3 + dzi4> = o , d Z2 4>2A + ^21^14 — 52 3 ^ = 0 , 

— (hi^AA — (h 2 4> — dz 3 </> 13 = 0 > —dz 3 (t>23 — (h 4 4>2A + !</> = 0 

We see that the operators 9 Z and 9/ on the one hand, and the operators d\ and d\ J on the other 
hand lead to the same system of equations. We also see that two operators are needed to express 
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q-monogenicity: either (9 Z )_ or (90)_, both leading to the same system of equations, and either 
(9])_ or (9] J )_, both leading also to the same system of equations. 

Case E: The function E 8 : R 8 —> § 3 has the form 

f! = (</>i flflfl + fa Mfl + fa Mfs + fa fiM ) 1 

whence there holds 

• d z F? = (9 Z1 0 2 - d Z2 4>i + d Z3 (j) A - 9 24 ^ 3 )) fif^f! 7 

which splits into 

(dz)+Ff = 0 

(3*)-/? = (fa.fa - d Z2 fa + fasfa - faM) fifWj 

• 5|E 8 = (fifl (faifa — fa 2 fa) + M fafa 2 fa — fa 3 fa) + ftft (faifa + faifa))I 

+(fifi (—fa 3 fa + faifa)+A^fasfa + faifa) + atiifaifa + fa 2 fa ))i 

which splits into 

(5])+/\ 3 = (flft (ditfa - d- Z2 fa) + flfi {-ch 2 fa - d-M)i 

+ (^3 (faifa + 3*402))/ + f\f\ (~fa 3 fa + 3*104))/ 

+ (lotft- f 3 fi)(^z303+9? 4 04) - + fa 2 fa)) / 

= ^(fjfg + f 3 f 4 )(92 3 0 3 + 9 j 4 0 4 ) + ^ (ft + fSfl)(3»i01 + fa 2 fa)^j / 

• 5/E? = (ftfa (“5**01 + faifa) + flfi (faifa - 5 24 0i) + M {d Z2 fa -d Z3 fa))I 

+ (( 2(4 (-5*402 + 5z 2 04) + ftft(5^ 4 03 - 5 Z3 0 4 ) + f|fl(5 22 0i - d Zl fa))I 

which splits into 

(di)+F? = (flft (-5*3 0! + 5 Zl 0 3 ) + flft (o» Sl 04 ^ 5 Z4 0!))J 
+^3 (5z 2 0 3 — 5 Z3 0 2 ) + M (—5 Z4 02 + 5 Z2 0 4 ))/ 

+ (i(ftft - fjfi)(5*403 - d Z3 fa) - i(ftft - M)(5 Z2 0 i ^ 5 Z1 0 2 )) / 

(5/)-/ 1 ! 3 = (Kflft + ftf|)(5 Z4 0 3 - 9 Z3 0 4 ) + |(ftft + ftft)(0 Z2 0! - 9 Zl 0 2 )) I 

and 

• dl J F± = (5*j0i + 5-2 02 + 5 z 3 0 3 + 5z 4 0 4 )) fif 2 f 3 f 4 / 
which splits into 

(dl J )+Ff = 0 

(dl J )~F? = (5z 4 0i + 9* 2 0 2 + 5z 3 0 3 + 5z 4 04)) flftftft/ 

It follows that Ef satisfies the following system of equations, which is, as expected, the same system 
as in case B. 

• d z F% = 0 +=+ 9 2l 0 2 - 5 Z2 0 i + 9 Z3 0 4 - 9- 4 0 3 = 0 

• 5]E 3 = 0 +=+ 5^204 + 92301 = 0 , — dz 2 fa + faifa = 0 ) faifa — fa 3 fa = 0 , dz i fa + fa 1 fa — 

0 , dz! 0i + &z 2 0 2 = 0, dz 3 fa + 9j 4 04 = 0 
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• d[Fl = 0 d Zl cj) 3 - d Z3 <t>i = 0 , d Z2 cj) 4 - d Zi ct>2 = 0 , <9 22 </> 3 - <9 23 0 2 = 0 , <9 22 <?b - <9 2l 0 2 = 

0 , d Zl </)4 - d Zi (j >i = 0 , <9 24 c/> 3 - <9 Z3 </>4 = 0 

• dl J Fi = 0 -£=>• dzifa + (h 2 4 >i + ^ 3^4 + dz i 4>3 = 0 

We see that 9/F 3 = 0 implies c^F 3 = 0, but not conversely, and that d\F 3 = 0 implies d\ J Ff = 0, 
but also not conversely. We also see that to express q-monogenicity four operators are necessary: 
(c*J)+, (<9/) + , either (d 2 )_ or ( d z )_ which both lead to the same system of equations, and either 
(dj)_ or which also both lead to the same system of equations. 

Case F: The function Fq : R 8 —> Sq has the form 

*o = 

There holds 

• d{Ft = f^fSfl dz,* ~ fiflfi d- Z2 cj> + flftft Q-j - ftftft 3* 4 0 

which splits into 

(at) + F 0 4 = ftftft _ f+f+f+ ^ dga4> _ q_^ 

(at)_F 0 4 = o 

and 

• d[F* = f 2 f 3 f| d Z2 (j> + flf 3 f4 d Zl <p + f|f 2 f4 d Z3 <j> + f|f 2 f 3 d Zi 4> 
which splits into 

(a/)+F 4 = fMfl d Z2 cj> + ftftft dxA + dzA + ftftft g zi(j) 

(d[)-F* = 0 
while trivially 

• dl J Fq = 0 = d z Ff 
It follows that 

• <9|F 0 4 = 0 4=> 3*0 = 0, <3*0 = 0, <9*0 = 0, <9*0 = 0 

• <9/F 0 4 = 0 4=> <9 22 0 = 0, <9 21 0 = 0, <9 23 0 = 0, <9 24 0 = 0 

in other words: Fq is q-monogenic if and only if 0 is a constant function. Also this observation is 
valid regardless the dimension. We also see that for expressing the q-monogenicity of Fq the two 
operators (<9|)+ and (<9 2 )+ need to be used (right upper vertex of the triangle). 
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